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NANO TRAJECTORY CONTROL OF MULTILAYER LOW-VOLTAGE 
PZT BENDER ACTUATOR SYSTEMS 

 
Chih-Lyang Hwang and Chau Jan 

 
ABSTRACT 

 
In this paper, nano trajectory control of the multilayer low-voltage PZT 

(lead zirconate titanate) bender actuator system (MLVPZTBAS) is developed. 
System analyses in of the hysteresis characteristic, frequency response and 
sinusoidal response, were conducted to evaluate the system features. Because 
not all of the states of the MLVPZTBAS are directly available, an observer is 
required to estimate the states. The proposed scheme contains feedback lin-
earization with a sliding-mode controller and a state observer to estimate the 
system states of the MLVPZTBAS. The sliding-mode control possesses an 
equivalent control and a switching control. To track a trajectory dominant by 
a specific frequency, a reference model consisting of desired amplitude and 
phase features is established. The equivalent control using the signals from 
the observer and the reference model is designed so as to produce the desired 
control behavior. Due to the existence of modeling and estimation errors, the 
switching control is then employed to achieve robust performance. Experi-
ments on the MLVPZTBAS were carried out to verify the usefulness of the 
proposed control. 

 
KeyWords: Multilayer LVPZT bender actuator, hysteresis, observer, feed-

back linearization, sliding-mode control. 
 
 

I. INTRODUCTION 
 
Piezoelectric devices are commonly used when 

sub-micrometer displacements are desired [1-5]. Such 
precise displacements are needed for such purposes as 
machine tool design [2], biomechatronic fluid-sample- 
handling in DNA processing [3], optical pick-up design 
[4], two-degree micropositionser design [5]. There are 
two types of piezoelectric displacement devices that can 
provide this capability [6,7]. One type involves dis-
placements about some fixed points and limited total 
excursion from this fixed point. The other type permits 
virtually unlimited displacement in the desired direction. 
The fixed point device is exemplified by the so-called 
“piezoelectric stack,” in which a number of thin piezo-
electric disks (usually PZT disks a few centimeters in 
diameter and one or two millimeters thick) are stacked 
on top of each other, so that mechanically, the disks are in  
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series and electrically, they are connected in parallel [6]. 
If greater displacements about the fixed point are 

needed, there are three possible approaches. 1) The 
length of the stack can be increased. However, the de-
gree of mechanical stability and robustness that can be 
achieved is questionable. 2) Mechanical amplification of 
the displacement is provided by a series of levers and 
amplification by a factor 20 to 30. However, the dimen-
sions are several times larger than the length of the pie-
zoelectric stack used in the actuator. 3) The third ap-
proach is to use bimorph (or multilayer) PZT in the form 
of thin piezoelectric sheets designed to blend or flex so 
as to produce displacements perpendicular to their 
thickness dimension. However, the dynamics of the 
bending modes must be taken into account. In this paper, 
the third approach is investigated (see Fig. 1). System 
analyses of the hysteresis characteristic, frequency re-
sponse and sinusoidal response were conducted to 
evaluate the system. Based on these analyses, the 
MLVPZTBAS possesses the hysteresis characteristic, 
which is dependent on the polarity and magnitude of the 
input. To design an effective trajectory-tracking control-
ler, the nonlinear model for the MLVPZTBAS is re-
quired. 
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Fig. 1. The experimental setup of the MLVPZTBAS. (a) Photograph. 
(b) Block diagram. 

 
Because piezoceramic materials are ferroelectric, 

they fundamentally exhibit hysteretic behavior in their 
response to an applied electric field (cf. Fig. 2). The 
hysteretic characteristics are generally non-differentiable 
nonlinearities and are usually unknown, so it is difficult 
to obtain an accurate trajectory tracking control [9,10]. 
The nonlinear dynamics of the MLVPZTBAS were iden-
tified as a modified second-order linear model coupled 
with a hysteresis (e.g., [11]). That paper concentrated on 
the control issues involved in dealing with the nonlinear 
hysteretic behavior displayed by most MLVPZTBASs. 
The paper by Ge and Jouaneh [12] compared feedfor-
ward control, PID control, and PID feedback control 
with hysteresis modeling in the feedforward path. The 
nonlinear dynamics of the MLVPZTBAS were first lin-
earized and then reformulated into a standard almost 
disturbance decoupling problem [11]. However, the re-
sult was only suitable for a small operation range. The 
paper by Hwang et al., [13] proposed a forward control 
to approximately cancel the hysteresis and applied a dis-
crete variable structure control to enhance performance. 
To suppress the vibration of a flexible beam, a spatial H2  
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Fig. 2. Hysteresis characteristic of the MLVPZTBAS. 

 
norm of the closed-loop system was minimized to ensure 
an average reduction of vibration throughout the struc-
ture [14]. 

It is well known that the sliding-mode control con-
tains the following advantages: quick response, less sen-
sitivity to uncertainties, and easy implementation [15-17]. 
Because not all of the states are available for the control 
in MLVPZTBASs, it is necessary to design an observer 
to estimate the system states [17]. Then, a nonlinear es-
timated-state-based feedback linearization controller can 
be applied to change the nominal system into a linear 
dynamic system. The proposed feedback linearization 
control contains a sliding-mode with an equivalent con-
trol and a switching control. To track a trajectory domi-
nated by a specific frequency, a prescribed reference 
model is established to obtain a tracking error model. 
Then, the equivalent control based on the signals coming 
from the observer and the reference model is designed to 
produce the desired control behavior. Because piezoce-
ramic materials are ferroelectric, they exhibit inherent 
nonlinearity and hysteresis. The tracking control accu-
racy of MLVPZTBASs may not be sufficient due to this 
hysteresis, the modeling error and the estimation error. 
Under these circumstances, the switching control was 
designed so as to improve the system performance. 

 
II. EXPERIMENTAL SETUP 

 
The experimental setup of the MLVPZTBAS con-

sisted of five parts: a low voltage lead-zirconate-titanate 
bender actuator (MLVPZTBA), laser vibrometer system, 
power amplifier, AD/DA card interface, and control pro-
gram in a personal computer (PC). A photograph and 
block diagram of the experimental setup are shown in 
Fig. 1. The specifications of the MLVPZTBA (PI– 
PL128.255) are given in Table 1. The MLVPZTBA of-
fers several advantages over the classic bimorph PZTs 
that are manufactured by gluing two ceramic plates to- 
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Table 1. Properties of the MLVPZTBA. 

MLVPZTBA 
Item PI – PL128.255 Units 

Operating voltage range 0 to +60 volt 

Deflection ± 450 µm ± 20% 

Free length 28 mm 

Dimensions (L*W*T) 35.5*6.3*0.75 mm 

Weight 1.2 G ± 10% 

Force generation 0.5 N ± 20% 
 
 
gether: fast response time and higher stiffness. The main 
advantage is the drastically reduced operating voltage of 
only 60 volt. The power amplifier in our setup was a 
single channel LVPZT controller P-862 made by the PI 
Co. The P-862 was used to control the output voltage 
from an analog input that had been connected to an ana-
log input socket on the front panel. The nominal input 
was 0 ~10 volt for the output 0 ~100 volt. The feedback 
position of the MLVPZTBA was detected by a laser vi-
brometer system, models AT3500 and AT0021 from the 
Graphtec Co. The available measuring distance was from 
±5nm to ±40mm under different conditions, the maxi-
mum sampling rate was 1.3MHz and the measurement 
resolution was 5nm. Different signal positions were ob-
tained by using different input signals. The above-men- 
tioned devices were put on a vibration isolation table 
(model DVIO-I Series from the Daeil Systems Co.) to 
reduce the effect of external disturbances. The process 
was repeated until the total process time finished. The 
time required for every process was called the “control 
cycle time (Tc).” In this paper, Tc = 0.0005sec. 

 
III. SYSTEM ANALYSIS, SYSTEM 

MODELING AND PROBLEM 
FORMULATION 

 
3.1 System analysis 

 
The input and output relation of the proposed 

MLVPZTBAS, shown in Fig. 2, indicates that the hys-
teresis is dependent on the polarity and amplitude of the 
input signal (e.g., [1-13]). Subsequently, a swept sine 
wave with an amplitude of 0.3 volt and a frequency of 
1~800 Hz was applied to the MLVPZTBAS. The corre-
sponding input and output signals were then fed into the 
HP35670A to obtain the frequency response shown in 
Fig. 3. The results revealed that the peak occurred at 
about 150 Hz. The responses of the sinusoidal input with 
different amplitudes and frequencies (e.g., 2500nm, 30 
Hz; 1500nm, 40Hz; and 900nm, 40Hz) are shown in Fig. 
4(a), (b) and (c), respectively. The unit of position is  

 
Fig. 3. Frequency response of the MLVPZTBAS. 
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(a) u(t) = 2500 sin(60π t)nm. 
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(b) u(t) = 1500 sin(80π t)nm. 
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(c) u(t) = 900 sin(80π t)nm. 

Fig. 4. The sinusoidal responses of the MLVPZTBAS (−) for the si-
nusoidal inputs (…). 
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(a) u(t) = 2500 sin(60π t)nm. 
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(b) u(t) = 1500 sin(80π t)nm. 
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(c) u(t) = 900 sin(80π t)nm. 

Fig. 5. The output responses of the nonlinear model (−) and the 
MLVPZTBAS (…) under different sinusoidal inputs. 

 
 

micrometer, but the output signal of the laser vibrometer 
is voltage (unit: volt). The input signal for MLVPZTBAS 
is also voltage. To make a clear comparison between the 
input signal and the output response, the position signal 
with the unit “micrometer” shown in Figs. 4 and 5 was 
used to replace the input signal with the unit “volt”. 
Their maximum steady-state tracking errors are pre-
sented in the first column of Table 2. In this range of the  

Table 2. The maximum steady-state tracking (or 
modeling) errors of open-loop system, non- 
linear model, and MLVPZTBAS using the 
proposed control for six r(t) or u(t). 

Type 
r(t) or u(t) 

Open-loop 
system 

Nonlinear 
model 

Proposed 
control 

2500sin(60π t) nm (30Hz) 920 nm 310 nm 160 nm 
2500sin(80π t) nm (40Hz) 950 nm 315 nm 148 nm 
1500sin(60π t) nm (30Hz) 530 nm 220 nm 115 nm 
1500sin(80π t) nm (40Hz) 480 nm 225 nm 94 nm 
900sin(60π t) nm (30Hz) 340 nm 155 nm 118 nm 
900sin(80π t) nm (40Hz) 310 nm 180 nm 67 nm 

 
input amplitude and frequency, the effect of hysteresis 
was almost the same (cf. Fig. 2). 

 
3.2 System modeling 

 
The dynamics of the MLVPZTBAS were identified 

as those of a second-order linear model coupled with 
hysteresis (see, e.g., [11]): 

[ ]( ) ( ) ( ) ( ) ( ) ,m t b t t cv t h tς ς ης η+ + = −  (1a) 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ,h t v t h t v t h t v t h tµ ρ τ δ= − − −  (1b) 

where ς(t) denotes the position of the MLVPZTBAS; m, 
b, η and c denote the mass, damping, stiffness and effec-
tive piezoelectric coefficient, respectively; h(t) stands for 
the output variable of the hysteretic nonlinear dynamics; 
v(t) is the input voltage that generates an excitation force 
in the actuator system; and µ, τ, δ, ρ, c > 0 are parame-
ters that affect the shape of the hysteresis. Because the 
proposed MLVPZTBAS is used for different amplitudes 
of trajectory tracking, the hysteretic model is dependent 
on the amplitude and polarity of the input signal. Define 
the following state: 

[ ]
[ ]1 2 3 4 5

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) .

T

T

x t t t h t v t v t

x t x t x t x t x t

ς ς=

=
 (2) 

Then, the system (1) can be rewritten in the fol-
lowing state space form: 

[ ]( ) ( ) ( ) ( ) ,x t A x B u t d t= + +  (3a) 

( ) ( ),Ty t C x t=  (3b) 

where u(t) and y(t) ∈ ℜ represent the control input, and 
the system output, respectively; d(t) denotes the bounded 
modeling error satisfying the matching condition; and 
the nominal vectors A(x), B and C are described as: 
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[ ]
( ) ( )

2

1 2 3 4

3 5 5 3

5

( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )( ) ,
( )
0

0 1
0 0

, .0 0
0 0
1 0

x t
x t bx t x t cx t m

x t x t x t x tA x
x t

B C

η η η
µ δ ρ τ

 
 − + + − 
 − − +=
 
 
  

   
   
   
   = =
   
   
      

 (3c) 

If u(t) = um sin(wt), then x5(t) = ( )v t = −um cos(wt) 
/w and 2

4 ( ) ( ) sin( ) /mx t v t u wt w= = −  due to the fact 
that ( ) ( ).v t u t=  In summary, the sinusoidal response of 
the nonlinear model (1) is achieved by using the above- 
mentioned relation. Based on model verification per-
formed using the sinusoidal response of the nonlinear 
model (1) and the MLVPZTBAS (cf. Fig. 5), the coeffi-
cients of the MLVPZTBAS were found to be as follows: 
m = 0.016kg, b = 1.2 × 10−6Ns/µm, η = 5 × 10−4N/µm,  
c = 3050µm/V, µ = 0.48, ρ = 0.2s−1, τ = 0.2(µm)−1 and δ 
= 0.3(µm)−1. In addition, the maximum modeling errors 
are shown in the second column of Table 2. Based on 
Table 2, the relative maximum tracking error for differ-
ent amplitudes and frequencies ranges from 12% to 20%. 
Thus, the proposed model under the desired range of 
amplitude and frequency is accurate enough. The system 
(3) has a relative degree of four. 

 
3.3 Problem formulation 

 
Because only the laser vibrometer system is ap-

plied to measure the dynamic position, the states of the 
system (1) must be estimated. The following nonlinear 
observer is employed to estimate the states (e.g., [17]): 

ˆ ˆ ˆ( ) ( ) ( ) ( ( ) ( )),x t A x Bu t L y t y t= + + −  (4a) 

ˆ ˆ( ) ( ),Ty t C x t=  (4b) 

where 

[ ]1 2 3 4 5

ˆˆ ˆ ˆ ˆ ˆ( ) ( ) ( ) ( ) ( ) ( )

ˆ ˆ ˆ ˆ ˆ( ) ( ) ( ) ( ) ( )

T

T

x t t t h t v t v t

x t x t x t x t x t

ς ς =  
=

 

denotes the estimated state; the vectors ˆ( ),A x  B and C 
are the same functions as in (3) except for the arguments; 
L denotes the observer gain; and u(t) and ˆ( )y t ∈ℜ  rep-
resent the output of the controller and the nonlinear ob-
server, respectively. After the states are estimated, coor-
dinate transformation is applied to design a feedback 

linearizing control (e.g., alluded to in [18]). To track a 
trajectory dominated by a specific frequency, a pre-
scribed reference model is also employed to obtain a 
tracking error model. To enhance the system perform-
ance, the design of the sliding-mode in the feedback lin-
earizing control is considered. The sliding-mode control 
contains two parts: one is an equivalent control, and the 
other is a switching control. The equivalent control 
based on the signals coming from the observer and the 
reference model is constructed so as to produce the de-
sired control behavior. Because the piezoceramic materi-
als are ferroelectric, they have inherent hysteretic nonlin-
earity that is not a one-to-one mapping and is dependent 
on the polarity of the input signal; i.e., the modeling er-
ror d(t) in (1) occurs. In addition, the estimation error 
cause the system performance to deteriorate. Under these 
circumstances, the switching control is designed so as to 
improve the system performance (alluded to in Fig. 6). 

 
IV. FEEDBACK LINEARIZING CONTROL 

 
The following lemma is used to discuss the trans-

formation of the system (3) into the “normal form.” This 
form decomposes the system into an external part Ψ and 
an internal part Φ. The external part is linearized by the 
state feedback control. The internal part is made unob-
servable by the same control [19]. 

 
Lemma 1 [18,19]. Consider the nonlinear system (3) 
with the following global diffeomorphism: z(t) = T(x) = 
[ΨT(x) ΦT(x)]T where [∂Ψ(x)/∂x(t)]A(x) = AcΨ(x) – 
Bcβ −1(x)α(x) and [∂Φ(x)/∂x]B = 0. Then the following 
dynamic system is achieved: 

1
0 0( ) ( ) ( , )[ ( ) ( , ) ( )],c cx A x B u t d tβ α−Ψ = Ψ + Ψ Φ − Ψ Φ +  

 (5a) 

0( ) ( , ),x AΦ = Ψ Φ  (5b) 

where Ψ(x) ∈ ℜ4 and Φ(x) ∈ ℜ. Moreover, the functions 
α0(Ψ, Φ) and β0(Ψ, Φ) are the functions α(x) = −{[∂ψ4(x) 
/∂x]A(x)}/{[∂ψ4(x)/∂x]B} and β(x) = 1/{[∂ψ4(x)/∂x]B}at 
x(t) = T −1(z), respectively. A0(Ψ, Φ) is the representation 
in the transformed coordinate x(t) = T −1(z) of [∂Φ(x) 
/∂x]A(x). The matrices Ac, Bc are described as follows: 

0 1 0 0 0
0 0 1 0 0

, .
0 0 0 1 0
0 0 0 0 1

c cA B

   
   
   = =
   
   
   

 (6) 

Setting Ψ(x) = 0 in (5b) results in ( )xΦ = A0(0, Φ), 
which is called the “zero dynamics”. The system is said 
to be minimum phase if 0( ) (0, )x AΦ = Φ  has an as- 
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Fig. 6. Control block diagram. 

 
ymptotically stable equilibrium point in the domain of 
interest. Thus, the coordinate transformation performed 
using the estimation state ˆ( )x t  is defined as follows: 

ˆ ˆ ˆˆ( ) ( ) [ ( ) ( )]T T Tz t T x x x= = Ψ Φ . Then the estimated dy-
namic system in the z(t)-coordinate is obtained from the 
nominal system (3) for the design of the feedback lin-
earizing control: 

1
0 0

ˆ ˆ ˆ ˆˆ ˆ( ) ( ) ( , )[ ( ) ( , )],c ct A t B u tβ α−Ψ = Ψ + Ψ Φ − Ψ Φ  
 (7a) 

0
ˆˆ ˆ( ) ( , ),t AΦ = Ψ Φ  (7b) 

where 4ˆ ˆ( ) ( )t xΨ = Ψ ∈ℜ  and ˆ ˆ( ) ( ) .t xΦ = Φ ∈ℜ  In ad- 
dition, the functions 0

ˆ ˆ( , )α Ψ Φ  and 0
ˆ ˆ( , )β Ψ Φ  are the 

functions 

4 4ˆ ˆ ˆ ˆ ˆ ˆ( ) {[ ( ) ] ( )} {[ ( ) ] }x x x A x x x Bα ψ ψ= − ∂ ∂ ∂ ∂  

and 4ˆ ˆ ˆ( ) 1 {[ ( ) ] }x x x Bβ ψ= ∂ ∂  at 1ˆ ˆ( ) ( ),x t T z−= respec-
tively. 0

ˆ ˆ( , )A Ψ Φ  is the representation in the trans-
formed coordinate 1ˆ ˆ( ) ( )x t T z−=  of ˆ ˆ ˆ[ ( ) ] ( )x x A x∂Φ ∂ . 
In the following, the symbol ˆ ˆ( ) ( )t xα α=  is used alter- 
natively. 

The following reference model with the desired 
amplitude and phase features (8) is designed to track a 
trajectory dominated by a specific frequency, e.g., sinu-
soidal trajectory: 

5( ) ( ) { ( ) ( )},
( ) ( ),

T
r c r c r

T
r c r

t A t B K t k r t
y t C t

θΨ = Ψ + Ψ + +
= Ψ

 (8) 

where yr(t) denotes the output of the reference model, 
[1 0 0 0],T

cC =  and 4
1 2 3 4[ ]TK k k k k= ∈ℜ  

is selected such that the desired response is obtained. 
According to the sinusoidal trajectory Amsin(wt) the val-
ues of k1, k2, k3, k4, k5 and θ are chosen such that 

1
5( ) ( ) 1T T

c c c cH jw C jwI A B K B k−= − − =  and ∠H(jw) 
= θ. For example, if the values of k1, k2, k3 and k4 are 
chosen first, then 

4 2 2 3 2
5 3 1 4 2( ) ( )k w k w k k w k w= − + + − +  

and 

1 3 4 2
4 2 3 1tan [ ]k w k w w k w kθ −= − − + − +  

are assigned. 
The state tracking error model of the system (5) 

can be written as follows: 

1
0

0 5

( ) ( ) { ( , )[ ( )
( , ) ( )] ( ) ( )},

e c e c

T
r

t A t B u t
d t K t k r t
β

α

−Ψ = Ψ + Ψ Φ
− Ψ Φ + − Ψ −

(9) 

where ( ) ( ) ( )e rt x tΨ = Ψ −Ψ  represents the state track- 
ing error. Based on the nonlinear observer and its feed-
back linearization, the proposed controller is as follows:  

0 0

0 0

0 0

0 0

ˆ ˆˆ ˆ( ) ( , ) ( , ) ( )
( , ) ( , ) ( )

ˆ ˆ[ ( , ) ( , )]
ˆ ˆ[ ( , ) ( , )] ( ),

s

s

s

u t u t
u t

u t

α β
α β

α α

β β

= Ψ Φ + Ψ Φ
= Ψ Φ + Ψ Φ

+ Ψ Φ − Ψ Φ

+ Ψ Φ − Ψ Φ

 (10) 

where us(t) is a sliding-mode control discussed in the 
next section. In summary, the feedback linearizing con-
trol u(t) in (10) contains a sliding-mode us(t) that is em-
ployed to improve the system performance. 

 
V. SLIDING-MODE CONTROL 

 
Sliding-mode control is a powerful approach to the 

control of nonlinear and uncertain dynamic systems 
[15-17]. A sliding surface is first defined as follows: 

( ) ( ),T
es t D t= Ψ  (11) 

where 

[ ]
[ ]

1 2 3 4

1 1 1 1

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

T
e e e e e

T
e e e e

t t t t t

t t t t

ψ ψ ψ ψ

ψ ψ ψ ψ

Ψ =

=
 

and 4 3 2 1[ ]TD d d d d= . The coefficients di, i = 1, 
2, 3, 4 are chosen so that the sliding surface s(t) = 0 is 
stable. 

Let ( )tΨ = ( )xΨ − ˆ ( )tΨ and ( )tΨ = ˆ ( )tΨ − ( ),r tΨ  
where ( )tΨ  and ( )tΨ  denote the state estimation er-
ror and the estimation tracking error in the z(t)-coordi- 
nate, respectively. From (11), the estimated sliding sur-
face is defined as follows: 

ˆ( ) ( ) ( ) ( )T Ts t D t s t D t= Ψ = − Ψ  (12) 

where 1 2 3 4( ) [ ( ) ( ) ( ) ( )] .Tt t t t tψ ψ ψ ψΨ =  That is, 
the estimation of the sliding surface, ˆ( ),s t  is the linear 
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combination of the estimation tracking error in the 
z(t)-coordinate; it is also equal to the original sliding 
surface, s(t) minus the estimation error of the sliding 
surface, ( ).TD tΨ  

From (12) and the triangular inequality, equation 
(13) is obtained: 

ˆ ˆ( ) ( ) ( )   or  ( ) ( ) ( ) .T Ts t D t s t s t D t s t+ Ψ ≥ + Ψ ≥  

 (13) 

The system (2) can be rewritten in the following 
form: 

( ) ( ) ( ) [ ( ) ( )],l nx t A x t A x B u t d t= + + +  (14) 

where 

0 1 0 0 0
0

,0 0 0
0 0 0 0 1
0 0 0 0 0

l

m b m m c m
A

η η η
µ ρ

 
 − − − 
 = −
 
 
  

 (15) 

3 5 5 3

0
0

( ) . ( ) ( ) ( ) ( )
0
0

nA x x t x t x t x tδ τ

 
 
 
 = − −
 
 
  

 (16) 

Similarly, the nonlinear observer (4) can be rewritten in 
the following form: 

ˆ ˆ ˆ ˆ( ) ( ) ( ) ( ) ( ( ) ( )).l nx t A x t A x Bu t L y t y t= + + + −  (17) 

Taking the time derivative of ( )x t  gives 

( )( ) ( ) ( ) ( )
( ) ( ) ( ),

l n

L n

x t A LC x t A t Bd t
A x t A t Bd t
= − + ∆ +
= + ∆ +

 (18) 

where ˆ( ) ( ) ( )x t x t x t= −  denotes the state estimation 
error in the x(t)-coordinate: 

ˆ( ) ( ) ( ),n n nA t A x A x∆ = −  (19) 

.L lA A LC= −  (20) 

Lemma 2. Since (Al, C) is observable, the matrix AL is 
Hurwitz for a suitable choice of the observer gain L. 
There exist, therefore, symmetric and positive-definite 
matrices P and Q which satisfy 

.T
L LA P PA Q+ = −  (21) 

The symbols min{ ( )}, max{ ( )}m MQ Q Q Qλ λ= =  

and 2 max{ ( )}TQ Q Qλ=  are also used here. It can be 
verified from (19) and (16) that An(x) is locally Lipschitz; 
thus, there exists a positive constant ξ1 such that 

1ˆ ˆ( ) ( ) ( ) ( ) ,n nA x A x x t x tξ− ≤ −  (22) 

where ⋅  denotes the usual Euclidean norm. Similarly, 
there exists a positive constant ξ2 yielding 

2ˆ ˆ( ) ( ) ( ) ( ) .x x x t x tξΨ −Ψ ≤ − . (23) 

Lemma 3. There exists a positive constant δ 1 such that 
the following inequality for the modeling error d(t) is 
obtained: 

1( ) .d t δ≤  (24) 

The proposed sliding-mode control is designed as 
follows: 

( ) ( ) ( ),s eq swu t u t u t= +  (25) 

where 

5
ˆ( ) [ ( ) ( )] ( ) ( ),T T

eq c r ru t D A t t K t k r t θ= Ψ −Ψ + Ψ + +  (26) 

1 2 0

1 2 0

ˆ ˆ ˆ( ) [ ( ) ( ) ( ) ] (1 ) ,
, 0,  1 0.

swu t s t s t s tγ γ γ
γ γ γ

= − + −
> > ≥

 (27) 

Before launching into the main theorem of this paper, the 
derivative of the sliding surface is given as follows. Us-
ing (11), (9), (10), (25) and (26) yields 

1
0 0

5

1
0 0

1
0 0 0

0 5

1
0

( ) ( )
{ ( ) [ ( , )( ( ) ( , )
( )) ( ) ( )]}

ˆ ˆ{ ( ) [ ( ) ( , )( ( , )
ˆ ˆ( , )) ( , )( ( , )

( , )) ( ) ( ) ( )
( , ) ( )]}

{

T
e

T
c e c

T
r

T
c e c s

T
s r

T
c

s t D t
D A t B u t

d t K t k r t

D A t B u t

u t K t k r t
d t

D A

β α
θ

β α

α β β
β θ
β

−

−

−

−

= Ψ
= Ψ + Ψ Φ − Ψ Φ
+ − Ψ − +

= Ψ + + Ψ Φ Ψ Φ

− Ψ Φ + Ψ Φ Ψ Φ
− Ψ Φ − Ψ − +
+ Ψ Φ
= Ψ 1

0

1
0 0

0

1
0 0 1

( ) ( , ) ( )
[ ( ) ( , )( ( , )
( , )( ( ) ( )))]}

[1 ( , ) ( , )] ( ) ( ),

c sw

eq sw

sw

t d t
B u t

u t u t

u t F t

β
β α

β

β β

−

−

−

+ Ψ Φ
+ + Ψ Φ Ψ Φ
+ Ψ Φ +

= + Ψ Φ Ψ Φ +

(28) 

where 

0 0 0 0
ˆ ˆ( , ) ( , ) ( , ) ( ),tα α α αΨ Φ = Ψ Φ − Ψ Φ =  

0 0 0 0
ˆ ˆ( , ) ( , ) ( , ) ( ),tβ β β βΨ Φ = Ψ Φ − Ψ Φ =  

and 
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1
1 0

1
0 0

1
0 0

( ) ( ) ( , ) ( )

( , ) ( , )

( , ) ( , ) ( ).

T T
c

eq

F t D A t D d t

u t

β

β α

β β

−

−

−

= Ψ + Ψ Φ

+ Ψ Φ Ψ Φ

+ Ψ Φ Ψ Φ

 

Then the multiplication of ( ) ( )s t s t is simplified by using 
(28), (12) and (27): 

1
0 0 1

1
0 0

2
1 2 0

1
0 0

1 1

1

ˆ( ) ( ) [ ( ) ( )]

{[1 ( , ) ( , )] ( ) ( )}

[1 ( , ) ( , )]

ˆ ˆ[ ( ) ( ) ] (1 )

( ){[1 ( , ) ( , )] ( )
ˆ( )} ( ) ( )

{ [( ( ) ( ))( ( ) ( ))

T

sw

T
sw

T T

s t s t s t D t

u t F t

s t s t

D t u t

F t s t F t

s t D t s t D t

β β

β β

γ γ γ

β β

γ

−

−

−

= + Ψ

⋅ + Ψ Φ Ψ Φ +

= − + Ψ Φ Ψ Φ

⋅ + −

+ Ψ + Ψ Φ Ψ Φ

+ +

≤ − − Ψ − Ψ

2

1
0 0

1 1

2
1 2 1

2

2
1 2 2

]

ˆ( ) }

( ){[1 ( , ) ( , )] ( )
ˆ( )} ( ) ( )

ˆ{ ( ) ( ) ( ) ( )}

( )

ˆ{ ( ) ( )} ( ),

T
sw

T T

s t

D t u t

F t s t F t

s t s t t D D t

F t

s t s t F t

γ

β β

γ γ γ

γ γ

−

+

+ Ψ + Ψ Φ Ψ Φ

+ +

= − + + Ψ Ψ

+

≤ − + +

 (29) 

where 

2 1

1
0 0

1 1

( ) 2 ( ) ( ) ( )

{[1 ( , ) ( , )] ( )
ˆ( )} ( ) ( ),

T T

sw

F t s t D t D t

u t

F t s t F t

γ

β β−

= Ψ + Ψ

⋅ + Ψ Φ Ψ Φ

+ +

 (30) 

and the first inequality has used the following assump-
tion: 

1
0 0 0( , ) ( , ) 1.β β γ− Ψ Φ Ψ Φ < <  (31) 

Lemma 4. The lemma gives the upper bound of the un-
certainties F2(t): 

2
2 1 2 3

2
4 5

( ) ( ) ( ) ( ) ( )

( ) ( ) ,

F t c s t c s t x t c x t

c s t c x t

≤ + +

+ +
 (32) 

where c1, c2, c3, c4 and c5 are constants. 
 
The values of γ 2 in (27) are chosen and are suffi-

ciently large such that 

2 3 1 4ˆ( ) ( 2 ) ( ) ( ) 0.s t c PB x t c s tγ δ− + + + <  (33) 

Then, the following result can be obtained from (13), (23) 
and (33). 

2 3 1 4

3 1 4 2

ˆ[( 2 ) ( ) ( ) ] ( )

[( 2 ) ( ) ( ) ] [ ( ) ( ) ].T

c PB x t c s t s t

c PB x t c s t D x t s t

γ δ

δ ξ

> + +

> + + +
 

 (34) 

As 2( ) ( ) ,Ts t D x tξ>> 2 4cγ > is selected. Similarly, 

as 2( ) ( ) ,Ts t D x tξ<<  2 3 1 2( 2 ) ( )c PB Dγ δ ξ> + is 

chosen. As 

2 ˆ( ( ) ) ( ( ) )  or ( ( ) )TO s t O D x t O s tξ υ υ= = =  

(where O(⋅) denotes the order of the corresponding ar-
gument, and υ < 0), γ 2 becomes very large; however, the 
operating point is in the neighborhood of the sliding sur-
face. Hence, the inequality (33) or (34) is satisfied by a 
suitable selection of γ 2, e.g.,  

2 4 3 1 2max{ , ( 2 ) ( )},c c PB Dγ δ ξ= +  

as the operating point is not in the neighborhood of 

2 ˆ( ( ) ) ( ( ) )  or ( ( ) ) .TO s t O D x t O s tξ υ υ= = =  

Definition 2 [18]. The solutions of a dynamic system are 
said to be uniformly ultimately bound (UUB) if there 
exist positive constants υ and κ, and if for every ∆ ∈ (0, 
κ), there is a positive constant T = T(∆) such that 

0 0( ) ( ) , .x t x t t t Tυ< ∆ ⇒ ≤ ∀ ≥ +  
 
The main theorem of the paper is given below: 
 

Theorem 1. Consider the closed-loop system, including 
the state tracking error system (9), the nonlinear observer 
(4), and the sliding-mode controller (25)-(27). The over-
all system satisfies the following conditions: (i) assump-
tion (31); (ii) the selection of a switching gain γ 2 satis-
fying (34) and 1 12 ,cγ ε> + where ε > 0; (iii) 0,>Γ  
where  

1 1 2

2 1 5

2 2
.

2 2m M M

c c

c Q P P c

γ ε

ξ ε

− − 
Γ =  

− − −  
 (35) 

Then, ˆˆ ˆ{ ( ), ( ), ( ), ( ), ( ), ( ), ( ), ( )}ss t s t u t u t x t x t t tΨ Ψ  are 
UUB, and the system performance exponentially con-
verges to the following region: 

2ˆ ˆ{( , , ) ( ( ) ) ( ( ) )  or ( ( )) }.Ts x s O s t O D x t O s tξ υ υ= = =  

 (36) 

Proof. See the Appendix. 
 

Remark 1. If the control input is not smooth, the switch-
ing control can be modified as follows: 
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1 2 0ˆ ˆ ˆ( ) [ ( ) ( ) ( ( ) )] (1 ) ,  0.swu t s t s t s tγ γ ε γ ε= − + + − ≥  
 (37) 

Remark 2. The procedure for designing the controller is 
summarized as follows: 

 
Step 1. The nominal nonlinear model (2) is employed to 

capture the dynamics of the MLVPZTBAS. 
Step 2. A nonlinear state feedback linearization con-

troller (10) is applied to change the system into 
a linear dynamic system. 

Step 3. Because the states (i.e., x2(t), x3(t), x4(t) and x5(t)) 
of the MLVPZTBAS model are not accessible, a 
nonlinear observer (4) is employed to estimate 
the states (i.e., 2 3 4 5ˆ ˆ ˆ ˆ( ),  ( ), ( ) and ( ))x t x t x t x t . 

Step 4. To track a trajectory dominated by a specific 
frequency, the reference model (8) is estab-
lished. 

Step 5. Based on the observer and the reference model, 
the equivalent control (26) is designed. 

Step 6. Due to the existence of uncertainties, the control 
performance of the MLVPZTBAS is generally 
poor. The switching control (27) is then em-
ployed to improve the performance. 

Step 7. Finally, the proposed controller (10), (25) for the 
MLVPZTBAS is obtained (cf. Fig. 6). 

 
VI. EXPERIMENTAL RESULTS 

  
The coefficients of the reference model were se-

lected as follows: [ 2000 400 170 18];TK = − − − −  
i.e., the corresponding poles were –0.5591±3.7872i, 
−8.4409±8.0758i. The coefficients of the sliding surface 
(11) were selected as [200 90 10 1];TD =  i.e., the 
corresponding poles were –3.5613±7.5381i and –2.8775. 
The control parameters γ 1 = 30, γ 2 = 10 and γ 0 = 0.1 for 
the switching control usw(t) were chosen. To obtain the 
Hurwitz matrix (Al – LC) in (20), the observer gain L was 
chosen as [2.5 10 10 5 5]TL = , and the eigenval-
ues of the observer were −82±94i, −7.5, −5 and –5. The 
coordinate transformation produced the following result: 

1 1 2 1 3 2

4 1 2 3 4

4

ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ), ( ) ( ), ( ) ( ),
ˆ ˆ ˆ ˆ ˆ( ) [ ( ) ( ) ( ) ( )] ,
ˆ ˆ ( ) ( ),

x x t x A x x A x
x A x bA x A x cA x m
x x t

ψ ψ ψ
ψ η η η

= = =
= − + + −

Φ =
 (38) 

where ˆ( )iA x denotes the ith component of ˆ( )A x  Then, 
ˆ ˆ( ) ( )x xξΦ ≤ − Φ , where (1 ) 0cξ ρ µ= − > , was expo-

nentially stable because c > µ > 0. Furthermore, 
ˆ ˆ( )T x x∂ ∂  was nonsingular for all ( )x t . 
The output responses of the proposed control for 

the reference inputs 2500sin(60π t)nm, 1500sin(80π t)nm 
and 900sin(80π t)nm are presented in Fig. 7(a), (b) and 
(c), respectively. The maximum steady-state tracking 
errors with respect to the corresponding amplitudes of  
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(a) r(t) = 2500 sin(60π t)nm 
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(b)r(t) = 1500 sin(80π t)nm 
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Fig. 7. The output responses of the proposed control (−) under differ-
ent reference inputs (…). 

 
the reference input were 6.4%, 6.2% and 7.4%, respec-
tively (cf. Table 2). These tracking results are accurate 
enough. In addition, the corresponding control inputs are 
all smooth enough. For the sake of brevity, only the con-
trol input of the reference input 900sin(80π t)nm case is 
shown in Fig. 8. Similarly, Fig. 9 depicts the tracking 
error of the proposed control for the reference input 
900sin(80π t)nm Based on the above-mentioned results, 
it can be seen that the proposed control is suitable for the 
nano-trajectory tracking of MLVPZTBASs. 
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Fig. 8. The control input of the proposed control for the reference 

input r(t) = 900 sin(80π t)nm. 
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Fig. 9. The tracking error of the proposed control for the reference 

input r(t) = 900 sin(80π t)nm. 

 
VII. CONCLUSIONS 

 
Because piezoceramic materials are ferroelectric, 

they fundamentally exhibit hysteretic behavior in their 
response to an applied electric field. There are two diffi-
culties involved in modeling such hysteretic nonlinearity. 
Firstly, it exhibits non-local memory. Secondly, the 
nonlinear hysteresis loop displays asymmetry. The most 
important part of the MLVPZTBAS is the piezoelectric 
actuator, and there is usually only a position sensor in-
side it. The proposed control scheme offers effective 
tracking control of MLVPZTBASs whose system states 
are unavailable. The uncertainties in the proposed con-
trol system include the modeling error of the 
MLVPZTBAS, the estimation error of the state, and the 
external disturbance. Under these uncertain conditions, 
the switching control is applied to enhance the robust 
performance. The parameters γ 1 and γ 2 in the switching 
control are chosen, and they must be large enough to 
cope with these uncertainties. However, if the values of 
these parameters are too large, the result may be chatter-
ing control input. In this situation, a better but less com-
plex modeling of the MLVPZTBAS is suggested. 

APPENDIX 
 
For the sake of brevity, the arguments for the sig-

nals are omitted if it does not lead to confusion. Define a 
Lyapunov function candidate for the closed-loop system 
as follows: 

2 2 0, as 0, 0.TV s x Px s x= + > ≠ ≠  (A1) 

Let V V Vε= + , where ε > 0. The time derivative of V  
is given by 

2( 2 ).T T TV ss x Px x Px s x Pxε= + + + +  (A2) 

Substituting (29) into (A2) yields 

2 2
1 2 2[ ] 2ˆ

.

T

T T

V s F s x pxs
x Px x Px
γ γ ε

ε
= − + + + +

+ +
 (A3) 

Substituting (18) and (22) into (A3), the time derivative 
of V  is given by 

2 2
1 2 2[ ] 2ˆ

( ) .

T T
n

T T T T
n

V s F s x Qx A Pxs
x P A Bd Px x PBd x Px
γ γ ε

ε
= − + + + − + ∆
+ ∆ + + +

 (A4) 

Taking the norm of (A4) by using the relations (22), (23), 
(24) and (32) gives 

2 2
1 2 12

2
1

2 2
1 2 1 2

2 2
3 1 4 5

2
1

2
1 1 2

2
1 5

2 3 1 4

[ 2 2ˆ

[ 2 ]

[ ]ˆ
( 2 ) 2

[ 2 ]

( 2 )

( 2 )
( 2 ) .ˆ

m M M

m M M

m M M

V Fs s s xPB
Q P P x

c cs s s s x
c c cx s x sPB
Q P P x

c cs s x
Q P P c x

c cs x sPB

γ γ ε δ

ξ ε
γ γ

δ ε
ξ ε

γ ε
ξ ε

γ δ

≤ − + + + +

− − −

≤ − + + +

+ + + + +

− − −

= − − − +

− − − −
− + + +

 (A5) 

Using the result in (41) gives 

,TV v v≤ − Γ  (A6) 

where [ ]Tv s x=  and Γ is described in (35). If 
1 12 0cγ ε− − >  and 0>Γ  then V ≤ 0 (or V ≤ −εV) 

is achieved. From (11), (12), (23) and by coordinate 
transformation, ˆˆ ˆ{ , , , , , , , }vs s u u x x Ψ Ψ  are UUB. The 
system performance exponentially converges to the re-
gion (36). 
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